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Throughout this analysis, please refer to Figure 1 for voltage polarities, sign conventions, etc. The self-
inductances of the windings are assumed to be negligible for this analysis.

Figure 1. A diagram of a brushless DC motor

Formulation of non-sinusoidal winding EMF’s and torques

Many times when analyzing brushless DC motors, we assume many things about the motor. For
example, we’ll often begin assuming the motor winding EMF’s and torque profiles are given by:

gx=k,0sin(6) [1.1]

g5 =kOsin(6+120) [1.2]

gc =kdsin(6+ 240) [1.3]
and:

T, =ki,sin(9) [1.4]

T, = kig sin(6 + 120) [1.5]

T, = ki sin(6+ 240) [1.6]

The above equations assume the motor is perfectly symmetric, and is “sinusoidal.” But let’s assume the
motor winding EMF’s and torque profiles are not sinusoidal. A much more general way of expressing
them is as follows:



ea=ko-p(9) [1.7]

g5 =k o p(0+120) [1.8]

gc =kg- p(6+240) [1.9]
and

T,=ki, p(9) [1.10]

T, =kig - p(0+120) [1.11]

T, =kic - p(6+240) [1.12]

where p(@) is a periodic function of period 27 and with zero average. Note that we are still enforcing

a type of symmetry by assuming each of the three windings are 120 degrees apart. However, the shape
of the curves is arbitrary, as long as they have a period of 27 .

We can express p(@) in terms of its Fourier series:

p(@):iansin(ne)ern coy{nv) [1.13]
n=1
Let’s now add the following two constraints on p(@) :
P(0)=-p(-0) [1.14]
p(6)=p(z-0) [1.15]

The first of these constrains p(@) to be an odd function (hopefully a familiar concept).

The second constraint imposes a sort of symmetry on p(@) . Specifically, it states that the vertical line

V4
at 0= E is a line of symmetry.

First we plug [1.14] into [1.13]:

Z.O:ansin(nH)ern cos(n@):—ian sif—nd)+h, cof-nv) [1.16]
n=1 n=1

Combining the summations onto the left side:
i a,[ sin(ng)+ sin(—n@) | +h,[ cognd)+ cok-nv) |= [1.17]
n=1

Recall that due to the evenness and oddness of cosine and sine, respectively:

cos(—x) = cogx)

sin(—x) = - sin(x)
These relations simplify [1.17] to:

Zibn cognd)= C [1.18]
n=1

Since the family of COS(nH) functions is linearly independent, the only way to satisfy [1.18] for all & is

and

for each of the I, coefficients to be zero:

b,=0 ;n=123,.. o



This means we can express p(@) as just a sum of sine terms:

p(6)=>a,sin(nvd) [1.19]
n=1
And now we use the constraint in [1.15]. Plugging it into [1.19], we get:
ian sin(nd) = ian sin(n(z-0))
n=1 n=1

0

=Y a,sin(nz—no) [1.20]
n=1

0

= —Z;an sin(nd —nr)

where we’ve again used the oddness of sine here. Again combining terms:

> a,[sin(ng)+sin(nd—nrz) | = C [1.21]
n=1
Noting that:
sin(x) ; evem
sin(x—nr) = ( ) [1.22]
-sin(x) ; oddn
This simplifies [1.21] to:
2> a,sin(nd)=0 [1.23]
n=2,4,..
With the same reasoning as above, this implies all the even sine coefficients are zero:
a,=0 ;n=24,6,.. [1.24]
This means we can express p(@) as just:
p(@)= > a,sin(nv) [1.25]

n=1,3,5,..
Finally, we’ll add a third, somewhat arbitrary constraint that essentially normalizes our function p(@) .

We constrain the amplitude of the first component (the fundamental component) to be unity:

a=1 [1.26]
This simplifies [1.25] to:
p(6) =sin(0) + i a, sin(ng) [1.27]
n=3,5, ..

This last constraint doesn’t have a much of a physical interpretation beyond the obvious. The maximum
value of p(@) , for example, can still be more than or less than one.

Derivation of Average Motor Torque using Trapezoidal Commutation

The total torque produced by the motor is given by:
T=T,+T; +T;

=k [iA- p(0)+is p(6+120)+iy p(6+ 246)]

In the case of trapezoidal commutation, the winding currents are made by the motor controller to be:

[1.28]
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Hy o 30° <0 <150

i,=¢0 ; 150<6< 210 ,330<0< 39K [1.29]
—iy 210 <6 < 330
Hy o -90° <9< 30

ip=40 ; 30<0<90 ,2160<0< 270 [1.30]
—iy 90’ <6 < 210
Hy o 150 <9 < 270

ic=40 ; 9P<h<150 ,270<0< 33 [1.31]
—iy -30° <0 <90

The average torque produced over one of the six commutation states is:
PTo
== j ki, - o' P(0+240)do === 3Kkl j p(6)- p(0+ 246)do [1.32]
T 3

Substituting equation [1.25] (not [1.27]) in for p(@) , we get:

3K 9j.f’|: i ansm(n9) i %sin[n9+ni§j}d9

T 5| n=1,3,5,. n=135,.

2

3Ki,| < a SHCI { 47;)} 2
- —Lcoq nd)+ néd + n— [1.33]
4 { nzg:s n S( ) n:%:,&.. n 3 )|
6
- 2
_ 3kig 3 i{cos(ne + n—j - co#n@)}‘
T ni3s,.. N z
6
This evaluates to (note the pattern):
f:% \/_331 f _éa +£3all+\/§ l @a”_ﬂaalsﬁ_...
Vi 5 11 13 17 19 (1.34]

:@(31 % _ & a11 ay; aw_,___}
5 7 11 13 17 19

4
Note the absence of terms for n=3, 9, 15, etc. These terms are cancelled due to the n? guantity in

the first cosine term in [1.32] being an integer multiple of 277 . Assuming our normalizing constraint
(equation [1.26]) is satisfied, we arrive at the final form of the total motor torque:

. 3f3kt| [____ 8y A, Ay Ay j [1.35]

5711131719

A good sanity check is to consider the case of a sinusoidal motor, in which case all Fourier coefficients
above the fundamental component are zero. In this case, [1.35] simplifies to:



T :@ [1.36]

sine_motor
T

As a quick aside, we can identify the average torque constant, kt , for the general case and for the case

of a sinusoidal motor. The average motor constant is supposed to relate the trapezoidal current to the
average motor torque. Using that definition, we can write:

3V,

kt,sine = [1.37]
T
for the case of a sinusoidal motor, and:

l;t_&fakt[ e g_a_n_a_m..j (138
5 7 11 13 17 19

for the more general case. We can also go the other direction by solving for kt in terms of the average

torque constant and the shape of the winding curves (i.e. the values of a, ):

k‘ L [1.39]

&@[ LAy, 3y 8y a19+,,j

5711131719

Derivation of Average Motor Torque using True Sinusoidal Commutation
True sinusoidal commutation implies the motor controller forces the winding currents to be of the form:

A= 1sin(8) [1.40]
s =1sin(6+120) [1.41]
¢ =I'sin(6+240) [1.42]

The average torque produced over one motor revolution is then:

:— j k1sin(6)- p(d)+k| sin(9+ 12(‘3)- p(9+ 12®)+ktl si(€+ Zzﬂj- p(9+ Zﬂg)dé (1.43]

——ﬂjsin(@)- p(d)+ sin(9+ 12(‘3)- p(9+ 12®)+ si('9+ 24’()- p(9+ Zﬂg)dé

Substituting [1.27] in for p(@) , this becomes:



an(0) n(0)+ 3 &, i)+

n=35,

)
f:ﬁzf sin(6+120) {S|r(¢9+ 128) + i a, sifng+n- 12()}+ do

n=3,5,

g B+ > i :
sin 0+ 24 ){ S|r(¢9+ 24 +HZS: a, S|(‘n¢9+n 24?()}
sir

0+ 12(9)+ suﬁ(9+ 246)

_kl¥
- 1[ ( ) i sin(ng) + sin(¢9+ 12@) i a, sirﬁn¢9+n~ 12‘0)+ si('19+ 24?() i a, sﬁn¢9+n~ 2% 9 [1.44]

n=3,5, n=3,5, n=35,

=ﬁ1f§2+sm( ):32 a, sin(ng) + sir(¢9+ 126);} a, si(1n¢9+n~ 12’()+ s(m9+ Zﬂy)n:g a, s(ir€+n~ 2’1900
I 2

=T+E£sm( ) i a, sin(nd)+ S|r(¢9+ 126) :3213:, a, si(1n¢9+n~ 12’()+ s(m9+ Zﬂy)nzé a, s(ir€+n~ 2’1900

n=3,5

3k‘| sm n¢9 + sn{&+ﬁj sir{n9+nﬁj+ sirE¢9+ﬁj siEn€+nﬁjd€
271' e 35 ° 3 3 3 3

where, among other things, we’ve used the identity:

sin’ (9) + sir? (6+ 126) + sid(6+ 249 :g [1.45]

'—.Q’ 7

Rewriting the last line and rearranging the arguments to the sine functions:

T =%+%mg {anzfsin(@) sin(ng) + sir[0+2—gj si{n[9+%n+ si69+%) siEn[9+4§Dd9} [1.46]

We can use the orthogonality property of the sine function:
Go+2m

I sin(mg) sin(ng)dé= 0 ; fom=m, [1.47]
G

to show that the integral evaluates to zero for each value of N in the summation. This means the
average torque is simply given by:

P
2

The obvious thing to note here is the non-fundamental components ( a,, a;,...) of p(@) do not

[1.48]

contribute to the average torque produced by the motor.

Derivation of Average Motor Torque using Pseudo-Sinusoidal Commutation

The MSL motor controller does not implement true sinusoidal current commutation, in that it does not
force the winding currents to be sinusoidal. Instead, it drives the motor with sinusoidal voltages that
would result in sinusoidal winding currents in the case of a truly sinusoidal motor. In the case of a non-
sinusoidal motor, the actual winding currents are distorted.

First, let’s derive the voltages used to drive the motor. (We know they will be sinusoidal, but their
phases are not obvious.) Performing KVL from the A phase to the B phase:

V,-V; =i,R+e,—5; 1R [1.49]
Assuming a sinusoidal motor, the winding EMF’s are given by [1.1] through [1.3]. And since we are

trying to solve for the voltages needed to make the winding currents sinusoidal, we assume sinusoidal
forms for them:



V, -V, = I sin(0) R+k6 sin(0) -k o sir(6+ 120)- 1 sifg+ 1R
= RI[sin(0)-sin( 120) |+ k| sifo)- sifo+ 129 | [1.50]
= (RI + kﬂ')[sin(e)— sin( 12@)]

Noting that:

sin(6) - sin(6+ 126) =/ 3sifg - 39 [1.51]
We can write:

V,—Vs =V3(Rl +kg)sin(6 - 30) [1.52]
Similarly, we find that:

V.~V =V3(RI +kg)sin(6+ 30) [1.53]
We can arbitrarily decide to let V, be our ground reference:

VA,sine =0, [1.54]
which means:

Va.sne = —V3(RI +Kk,0)sin(0 - 30) [1.55]

Ve ane = —V3(RI +k0)sin(¢ + 30) [1.56]

The amplitude of these sinusoids represents the amplitude required to drive a particular sinusoidal
motor at a given speed. In practice, the drive voltage amplitude is decided by the motor controller
(either specified by the user, or by some other control loop). Therefore, we’ll rewrite the voltages as
simply:

Vi ane = —V/3V,sin(6 - 30) [1.57]
Ve gne = —VV,sin(6 + 30) [1.58]

,sine

The reason for keeping the \/é will become apparent down the raod.

With the sine drive voltages now known (specifically their phases), we turn back to a non-sinusoidal
motor. We want to determine what the winding currents will look like, since we know they will not be
purely sinusoidal. Rewriting [1.49], we get:

Vi sne—Eg T €A

VB,sine:8B_8A+R(iB_iA) = iB_iA:BYSineT [1.59]
Doing the same (KVL) from phase C to A:
. .. Vege—6&cteE
Vesine= &c —€at R(ic —ia) = ic —i, == RC ’ [1.60]
These two relations along with the obvious conservation of current:
iy +ig+ic =0 [1.61]

yield a system of three equations in three unknowns (the three winding currents). The solution to the
system is:

_ _VB,sine_VC sine 2‘S‘A + &g + &c 1.62
A= 3R [1.62]
iB _ 2\/B,sine_VC ,sine+ Ep— 2‘88 + &c [1.63]

3R



Vi et 2V, +E,+ 85— 28¢

i =—2> £ Sg; [1.64]

We now have the winding currents in terms of the drive voltages (given by [1.57] and [1.58]) and the
winding EMF’s (given in general by [1.7] through [1.9]). Plugging them into [1.10] through [1.12] yields
the total motor torque. The average motor torque over one motor revolution is given by:

7 :z_tzsz‘i“' p(0)+kig - p(0+120) +ki, - p(0+ 240)do

(_VB,sine_VC sine 2‘L"A—i_‘gB +8C)' p(0)+ [165]
=%£ (Moo Ve snet 64— 25 +5c) - p(6+120)+ |do
(_VB,sme+2VC sneT EatEp— 2gc) p(0+ 246)
Plugging in for the drive voltages and winding EMF’s:
(IS‘\/O[sin(é’— 30)+ si(o+ 36):|+K/9|:— 2p(6)+p(0+ 129+ p(6+ 24()})~ p(0)+
27 1.66
f:%_{[ («/—3‘\/0[—23in(6’— 30)+ sifo+ 3®)J+K9[p(6’)— 2p(0+ 129+p(0+ 2119)})~p(6’+ 12p++do [1.66]
(\/—S\lo[sin(é’— 3(9)— Zsir(6’+ 3@)}+I@6’[p(6’)+ p(6’+ 12‘@— ~2p(6’+ 25())J)~ p(6’+ 2&))
We can make use of the following identities:
sin(0- 30)+ sin(0+ 36)=+/ 3si(¥) [1.67]
~2sin(6 - 30)+ sifo+ 30)=+ 3si@+ 12 [1.68]
sin(6-30)- 2sin(+ 30)=+ 3siw+ 24) [1.69]
to simplify [1.66] to:
(3, sin(0) + k[ -2 p(0)+ p(0+ 120)+ p(0+ 240)])- p(0) +
[1.70]

f:in (3\/ sin 9+126)+kve[ (0)- 2p(0+ 120)+ p(0+ 24@]).p(9+ 129+ do
(3\/ sin(0+ 24(9)+K,6’[p(6’)+ p(0+ 120)- 2p(0+ 24?)]). p(0+ 249
Now expanding and utilizing orthogonality to eliminate some terms, we get:
(3 sin(0)- p(0)+K0[-2 p(0)"+ p(0)- p(0+ 126)+ p(0)- p(0+ 240) ]}
i (3\/ sin(0+126)- p(6+ 126)+K9[ (0)-p(0+ 12~ 2p(0+ 18) +p(6+ 12pp(0+ 2&)%)+ do [1.71]
0 (3\/ sin(0+ 240)- p(0+ 24®)+kﬂ[ (0)-p(0+ 240)+p(6+ 12)-p(0+ 28p- -p(6+ 291)6})
(3voa,sirt (0)+ k6] ~2 p(6)" + p(0)- p(0+ 120)+ p(0)- p(0+ 240) )+
( ,a,sir? (0-+ 120) +kﬂ[p(9)~p(9+ 126)- 2p(6+ 12"+ p(0+ 12) p(6+ 2&))})+ do
( W,a,sirt (0-+ 24(?)+kﬂ[p (6)-p(6+ 24D)+ p(6+ 120)-p(0+ 24— -D(6+ 2&))})

Collecting terms:




3\/0a1[sin2(9)+ sirf(9+ 12@)+ siﬁ(9+ 24?)}+
oy x| [[2 (0 +p(0) p(0+120)+ p(6)- p(0+ 240) |+
T:%J ko [p (0)- p(0+120°) - 2 p(0+ 126)" + p(6 + 126)- p(6 + 24%)} % [1.72]
[p(0):

)-
p(6)- p(6+240)+ p(0+120) p(0+ 246)- 2p(0+ 24%)2}

2-p(0)°+ p(@).p(9+12d)+p(9).p(9+24@):|+

[-2:p
_ kT 92v0a1+kve [p(@) p(6+120)- 2 p(6+126)" + p(6+ 120). p(6+ 24‘3)} do
):

[ (6)- p(0+240)+ p(6.+126). p(6+ 240)- 2p(6 + 24%)1

Separating into two integrals and assuming our p(6’) is normalized (constraint [1.26]):

[ -2.p(6y -p(6+120)+p()-p(6+ 246)}
. %:ngv &TLZJ: k0 |:p 0)-p(6+120%)- 2 p(6+ 12(9) +p(6+ 120)- p(6+ 24‘()}+ dé
[p 6)- p(0+240°)+ p(0+120)- p(6+ 246)- 2p(6+ 24@)2}
[ -p(6) + p(0)- p(6+120)+ p(6)- p(6 + 246)}
_3';; 2':: [p 0)- p(0+120°)- 2 p(6+ 126) +p(0+ 126). p(6+ 24(()} dé
[p 6)- p(6+240)+ p(0+120). p(6+ 246)- 2p(6+ 24?)2}
Y, Kkvg ~2.p(6) - 2-p(6+120) - 2p(6+ 246) + w
2R GﬂR (9 p(0+120)+ 2 p(0)- p(6+240F)+ 2 p(0+ 126)- p(0 + 240)
_3kY, ktkﬂ (9 )+ n( 9+120’ +p(0+ 24(9)2} » L7
R p(0+120)+ p(6)- p(6 + 248)+ p(6+ 126). p(0+ 249) [1.73]
Using orthogonality to S|mpI|fy the bracketed term in the integral:
+_ 3KV +M2Ji’ {g@fsim(n@)+n§;afsin2(n(9+ 120’))+§anz Sirf(n(6’+ 24@)}+ i
2R IR p(6) p(6+120°)+ p(6)- p(6+ 240)+ p(6+ 126)- p(6+ 240)
: - [1.74]
SEI\R/ k‘k"ej;zll [sm (no) +S|n( (0+ 12(9))+ siﬁ(n(6’+ 240))qu9+
- 0%
% j[p(@). p(0+120°)+ p(6)- p(6+ 240)+ p(6 + 126)- p(0+ 24@]@9_
[ 3KV, o[ % ) 1
) I;[R k:ij’R > 1{{%;‘;[8”1 (n9) +S|n( (6+ 12(9))+ S|ﬁ(n(6’+ 24@)Jd6’}+
%ﬁﬂp(@). p(0+120)+ p(6)- p(6+ 240)+ p(6+ 126)- p(6 + 24@]@9
Noting that:_
27
Isinz(ax+b) dx =7 [1.75]

Now [1.74] simplifies to:



P SKV ktkﬂz% kfk"ezf[p(e)~p(9+120J)+p(9)'p(‘9+ 240)+p(0+ 120) p(0+ 249 ]d0 (4 ¢,

0

3ka kthQZan ktkv@ j[ (0)- p(0+120)+p(0)- p(0+ 240)+ p(0+ 126)- p(0+ 246)}19
Now we attack the last mtegral Just as before, orthogonality gets rid of all the cross terms:

T= 3;’;{/ k’kveia“+k’KQJ{Za“sm(n@)sm(n@+n 120)+ Za“ siing) sifng+n.- 24)()+Z:a“2 smo+n- 12p qinv+n. ?A)%d@ [1.77]

3;’;{/ k";ﬂniia“ ALY J; {iaﬁ[sin(n@)sin(n@+n- 126)+ siind) sifng+n-24¢ )+ sin(ng+ n- 126) sifnd+ n- 24@1%

A k’kﬂia“+ gi{aﬁzjj[sin(ne)sin(n6+n-126)+ sifing) si(1n6+n- 24)()+ s(m6+n- 129) s(in€+n- ?A)@d@}i

2R R et
Noting that:
sin(a+b) = cogb) sifa)+ sifb) cos) [1.78]
and that (more orthogonality):
Ism ) cogax)dx = ( [1.79]

We can S|mpI|fy [1.77] to:
3k'V k,K,HZa“ kéfljlgn, {a,fi[[cos(n 12(‘3 sid(nd) + co(sn 24’() sfiing) + c@a; 1‘2)0 §(in6’+n- f)Z}H&} [1.80]

3k'V KK’HZa“ k’K’tQZa,fﬂ[cos{n-lzﬁﬁ coén- 24(()+ c‘és- 12)]
3k,V k’K’QZa“+k’K’QZa“[Zcos(n 12®)+ co@m 24()]

R

Expanding the summations:

—|)

i 3;[\R/ k‘K’tg(a1 +ral+al+al+al+al+al- ) 3:‘\R/°—k‘—lé’e(af+a§+a§+a§+a§+a§+a3---)+
T= . = .
6( 3., 3 3., 3 3 ( 1., 1 1, 1 1
%(_Eaf_ia§+3a§_ia4 72a§ + 35— 72a’2 j %(rzafrzazqa;rff_ff§+a26_5672_")
=%+k‘|§9[ (a1 ral+ralral+al+alral ) ( ;af—%a}a;—éaf—éa\éag—éa f—ﬂ [1.81]
3k, o( 3, 3, 3, 3, 3, 3, 3 3
=%+%(_E 2_726‘22_72""‘3_72&"%_72‘5‘ za 72a12°_72afl_'”j
3k, 0
30 KO (gr—al-ai-al-al-al-al-ai-)
3k, 0
=%—%(a§+a§+aj+a§+a72+a§+afo+af1+---)
And again assuming a normalized p(6’) , this becomes:
~ 3k (V,-kp@ 0
T= 3 Vo—kO ] KK, a+a’+a’+ai+ai+ra+ralt- [1.82]
2 R 2R 4 5 7 8 10 11

Note that the first term on the right represents the average torque that would be produced if true

sinusoidal commutation was being used (with (VO - kﬂ)/ R in place of | ). And as we’d expect (since
this derivation was based on the premise), [1.82] does reduce to this when p(6’) is a sinusoid (i.e.

when g, =0 ; forn=2,3,..). We can also see that the impact of p(6’) having non-zero non-

fundamental components is always to decrease the amount of average torque produced (since the
second term in [1.82] is always positive). Furthermore, we see that for a given non-sinusoidal motor,
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the torque deviation between pseudo-sinusoidal commutation and true sinusoidal commutation is
proportional to motor speed.

Assuming the symmetry constraint in [1.24] is also satisfied, [1.82] reduces to:
73k (Vo-kg) Kk
2 R 2R

Interestingly, the same harmonics are involved as in equation [1.35]. We can rearrange this to the
following form:

F_ k{v ko ko
2 R

(a52+a72+a121+ a’+ af7+afg+~--) [1.83]

(a5 +al+al+ag+alrald ) [1.84]

Determining Motor Torque from Experimental Winding Current Data

Assume that a non-sinusoidal motor is being driven by a motor controller employing an unidentified
commutation scheme. All that is available is experimental winding current data. This analysis will
assume the winding currents are of the form:

i,=0q(0) [1.85]
= q(@ +1203) [1.86]
=q(6+240) [1.87]
where,
q(0) = i ¢, sin(n@) +d, cog{no) [1.88]
n=1

The implicit assumption built into these equations is that each of the three winding currents look exactly
the same (in shape and amplitude), but are just shifted by 120 degrees from one another. This should
correspond to symmetry in the motor’s stator. Using the above expressions for current, the average
torque produced over one motor revolution is given by:

:—_|.kt|A p(0)+kig - p(9+12(f)+KiC-p(9+ 24(9)d9

[1.89]
=§£q(0)- p(0)+q(0+120)- p(6+126)+q(0+ 246)-p(0+ 24Ydo
Assuming p(@) is of the form in [1.25]:
icnsin(nG)ern cognd)- i a, sir(nd)+
- [1.90]

'I::izf icnsin(nGJrn-lz(?)ern cognd+n- 120)- i a, sino+n- 120+ |do
3,

27 o |3 n=13,

icnsin(n0+n-24(?)+dn cognd+n- 249 i a, simo+n- 249
n=1

Again using orthogonality and a bunch of other tricks to simplify, this becomes:

-11-



zzﬁﬂ w cnansinz(n9)+n§; c.a, sinz(n9+n.12(9)+n§3: C,a, siﬁ(n9+n. 24@)}19
%f 3 cnan[sinz(n9)+sin2(n9+n.12(8)+ siﬁ(n9+n. 24@)}19

= 1 2 [1.91]
%ni {cnan.([ sm (@) + sirf (nd +n- 120)+ sif(no +n- 248))}19}
%nl 3zc,a,

n=13,..

3
Assuming that p(@) is normalized, this becomes:

f:%(q+cga3+csa5+c7a7+~--) [1.92]

A huge amount of information is contained in this equation:

1. If the motor is a sinusoidal motor (&, =0 ; forn= 2,3,4,..), then the average torque
produced by the motor is simply proportional to the first Fourier sine coefficient of the current
waveform. The type of commutation is irrelevant, as long as it satisfies the loose assumption
described above. This even works for trapezoidal commutation!

2. If the winding currents are sinusoidal (C, =0 ; forn= 2,3,4,..), this equation reduces to the

familiar equation for sinusoidal commutation (with | = C;). This is no surprise, but it took less

work to show it this way. In fact, the winding currents don’t need to be purely sinusoidal for this
to apply. Asseenin [1.92], the currents can have distortion at any or all of the even Fourier
components, and the average torque will still just be proportional to the fundamental

component’s amplitude, C,.

3. Inthe case of a non-sinusoidal motor and a non-sinusoidal winding current, the average torque
produced can be more than, equal to, or less than what would be predicted by only accounting
for the first (fundamental) Fourier coefficient.

Now substituting [1.39] into [1.91] for K, :

S Cl+03a3+Csas+C7a7+“' [1.93]
2\/?3 1_% a11 3 @; Ay

5711131719

If average torque was also measured and the objective was to determine the average torque constant,

we can solve for K :

2\/5 A 8 By 8y 8y,
K= 11713 17 19 ¢ (1.04)
T q+c3a3+c5a5+c7a7

A quick sanity check on this is to consider the case of a sinusoidal motor (i.e. &, =0 ; for n=2,3,..):

" —2\/5 T [1.95]

,sine

G
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where recall that C, is simply the first Fourier sine coefficient of winding current (i.e. the fundamental

component of current in phase with the winding curve, p(@) ).

Deriving Winding Dissipation from Experimental Winding Current Data
If winding current data is available, the average power dissipation in the winding resistance is given by:

" 27
R,iSSYW:Z—:E[IR(iiJriéHCZ)dH

0

R (07 +q(0+120) +q(0+ 240)do
5. 14(6)

_nio; c,sin(nd)+d, cos(ne)}2 +

L n=1

Again we use orthogonality to simplify this to:
icﬁ sin?(n0)+d? cos’(nd) +
n=1

icﬁ sinz(n6’+ n- 120’)+ d? co§(n6’+ n- 12@+

o | n=1

icﬁ sinz(né’ +n- 240’) +d? co§(n6’ +n- 24@
n=1

:27r~([ z

7| o 2
:—ZI chsin(nHJrn-lzﬁ)ern co§n6’+n- 12@} +
0

M o 2
chsin(n6’+n- 24(5?)+dn co§n6’+n- 24@}
L n=1

de

RZ| f[sinz(n9)+ sin’ (6 +n- 120) + siri(no +n- 24@J+}

mid? [cos"(né’)+ co§(n6’+n~120°)+ co§(n6’+n~ 246)}

R 0
:Enz:; 2
dfj[cosz(n9)+ co§(n6’+n~ 12®)+ co?:{n6’+n~ Ziﬂdé’
0
zz—ig(cf~37r+dn2~37r)
:%*g(cgmj)
Rewriting this in its final form:
- 3R&, » >
I:)di$,w :_Z(Cn +dn)
2 '3

do

[1.96]

[1.97]

[1.98]

Recall (as can be shown using similar methods as above) that the sum of the squares of the Fourier

coefficients is related to a function’s RMS value by:
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o0

S (a2 +b7)=2: T ; for f(6)=a,sin(nd)-+b, cogny) [1.99]
n=1

n=1
Rewriting the average dissipation in terms of the RMS winding current:
5 2
Pisw =3 0aus 'R [1.100]

Now that I’'m here, this should have been obvious —it’s the simple Joule heating relationship for AC
current (the factor of three is there to account for all three windings).

Estimating Efficiency from Experimental Winding Current, Torque, and Speed
Data
The motor efficiency is defined by:

P

n = —mehoupd [1.101]
I:?nput
where B oupu denotes the mechanical output (shaft) power from the motor, and B, denotes the

total electrical power into the motor. All the input power must go somewhere — it can be stored (in the
motor), dissipated (as Joule heating, hysteresis loss, viscous drag, etc.), and/or transmitted as output
power:

P

input

-E [1.102]

What we're really after is average efficiency more so than instantaneous efficiency. we’ll define it as
(note this is not the same thing as mathematically averaging [1.101]):

A

P
—mech_output. [1.103]
5}

input

+ P +P.

motor diss mech__output

5

Realizing that the average rate of energy stored in the motor must be zero at steady state, we can plug

the average of [1.102] into [1.103] to eliminate F?nput (mainly because it’s difficult to measure):

Pnech_output
+ Pnech_output

Now we make an assumption that the average power dissipation is largely dominated by Joule heating
in the windings. In other words, we neglect other losses such as hysteresis loss, viscous drag, etc. In
practice for most motors, this has shown to be true. In this case, the dissipation is give by equation
[1.100].

Note that the mechanical output power is given by:

[1.104]

5

~

P

diss

Pmech_output =T-0 > Pmech_output ~T-60 [1.105]
If torque and speed measurement data is available, the motor efficiency is given by:
. T-6
U P [1.106]
3 Qfys R+T-0

Now we will examine the effect winding curve distortion has on a motor’s efficiency while being
operated with pseudo-sinusoidal commutation. To do this, we need to determine the RMS winding
current.
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= 2
_ izj' _VB,sine _VC sine 2‘E‘A + €y + €c de
J R

2r
) \/MJ-RZ '([ (_VB,Sine_VC sine” 28/_\ + &g + &c )2 do

Leveraging off of...

ip s = \/M:LRZT{WO sin(6)+ kﬂ'[— 2 p(0)+p(6+120)+ p(6+ 248))]}2 do

1oz V7 sin®(8) + 292[—2- p(6)+ p(9+ 120’)+ p(9+ 246)]2+ o
\187R 3 |6y, sin(6) k6 -2 p(6) + p(6+ 126)+ p(6+ 240) ]

T :Z_tzsz[iA- p(0) +kia- p(0-+120) +ki - p(0-+ 246)do

(Vi sne=Ve sine= 264 +5 +5¢ ) P(6) + [1.107]

“VB,sine YC,sine
27

- %Q ! (Moo Ve anet 64— 25 +5c) - p(6+120)+ |do
(_VB,sine+ 2\/C ,sine+ En +gB - 2gc) p(@ + 246)
Plugging in for the drive voltages and winding EMF’s:
(x/—svo[sin(é’— 30)+ si(o+ 36):|+K/9|:— 2p(6)+p(0+ 129+ p(6+ 24()})~ p(0)+
T :67kr[R2-f («/—3‘\/0[—25in(6’— 30)+ sifo+ 3®)J+K9[p(6’)— 2p(0+ 129+ p(0+ 2119)})~ p(0+ 12p+rde
(\/—S\lo[sin(é’— 3(9)— Zsir(6’+ 3®)J+kﬂ[p(6’)+ p(6’+ 12‘@— ~2:J(6’+ 25())J)~ p(6’+ 2&))

[1.108]
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